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Iainesult

ITH BBowen

If P is an infinite countable group with an infinite
measure preserving imp action which is limit amenable

partiallydoubly recurrent and has normalized cost p

then P has max cost at most p

if p 1 then has fixed price 1



Application

IIII let i P be finitely generated groups such that the

word metrics d d have roughly comparable growth rates
Then T T xp has fixed price 1

Lyan xp has fixed price 1



Remark

IThmI knezeli 2025

Let P T be infinite countable groups
Then T T XP has fixed price 1

proven independently uses some similar ideas

we work to build a broader framework



Our Inspiration

IF Fraczyk Mellick Wilkens 23

Higher rank semisimple Lie groups and products of
automorphism groups of trees have fixed price 1

Proofstetcht
These groups exhibit a certain boundary action corona action
which is amenable and doubly recurrent Apply
THM F M W

Fa is a unimodular lose group with amenable and

doublyrecurrent corona action then G has fixed price 1



Generalized actions

F Mellick 23
Suppose A G is an amenable closed unimodular

noncompact subgroup such that GAG A is doubly
recurrent Then G has fixed price one

relies on subgroup structure rather than
Lie group structure

recovers some of FMW



How do these results compare to our own

generally move concepts from ease case to discrete case

don't use specific Lie group or subgroup structure

generalize amenability to limit amenability and
double recurrence to partial double recurrence

produce actions satisfying them for some but not

all product groups



lost
let RaX X be a pmp countable Bovel equivalence relation

Let Gp be a graphing generating the equiv
rin R

i e the connected components of Gp are the equivalence
classes of R

Then the cost of Gp is

cost Gp degup
x mix



Cost cont

The cost of an equivalence relation R is

inf cost G G is a graphing generating R

The cost of a countable group is

inf cost R R is induced by a pmpfree Borelaction of 1

idea cost is a measurable analogue to free rank



those

Examples
The cost of any infinite amenable group is 1

This is due to the hyperfiniteness

The cost of Fn n for the free group on n generators
This is equivalent to the rank of Fn



Cost cont

The act of a group r is the maximal cost

among all its est free pmp actions

A group is said to have fixedprice if its cost
and max cost agree



Weak containment

α PA X y β P A Y u pmp actions

Idea α is weakly contained in β denoted α β
if the action of α on finitelymany group elements
and finitely many Borel sets can be approx by B



Weak containment

α PA X y β PA Y u pmp actions

We say α is weakly contained in β denoted α β
if every finite coloring X A finite FCP and

E O a coloring 4 Y A such that

In EF M EX x a fx b

V
y eY 4 y a 4 fy b CE



Weakly Bernoulli actions

An action α is weakly Bernoulli if it is weakly
contained in a Bernoulli action

T Abert Weiss 2013

If a pmp est free action is weakly Bernoulli
then its cost is the max cost

essentially free pmp actions weakly contain
all Bernoulli shifts
Cost is monotonic under weak containment Kechris



Infinite measure preserving actions

An imp infinite measure preserving action is an

action of P on a std o finite infinite measure

space Xm by measurable automorphisms

IEI let Her have infinite index equip P H with

Haar measure Then T AT H is an imp action

POV relationship AT H ergodic actions

H finite index pmp H infinite index imp



Weak containment for imp actions

let A finite A AU where EA Then

X Ax is M A finite if µ xeX f x o

Idea
22 β if α can be approx by β on all finite windows

DetI Amp action 2 is weakly contained in β
if finite A M A finite measurable map X A
finite FCP and ESO a V A finite measurable
map 4 Y Ax

s.t.EEEF MLExEX 01x a 0 fx b

V
y eY 4ly1 a 4 ty b CE



Amenable actions

IDEI An impaction P A X µ is Zimmer amenable

Rp is hyperfinite mod µ AND

Stabp x get gx x is amenable for a e x

stronger statement than amenability for equiv relations

Examplets

All actions of amenable groups are amenable

Let A P be amenable Then A F A is amenable

The boundary action SL
2 2 A JH S is amenable



limitamenability

An imp action is limit amenable if it is the vague
limit of mp factors of amenable actions
i e F µ with an µ vaguely where TALX.mn
is a mp factor of an amenable action

ITHII
Limit amenable imp actions are weakly contained in
the class of amenable imp actions



Limit regularity
An imp action is regular if it is measurably conjugate
to the left action A T XHaar

It is limit regular if it is the vague limit of

mp factors of regular actions

ITHMI An imp action is limit amenable it is limit regular

RMks
If P A X y is limit amenable and u x co T is amenable

If is exact then limit amenable amenable



Point Processes

A point measure on lese space X is a locally finite sum
of Dirac measures Σ clx Sx with CLX 220

Denote by MIX the set of all point measures on X

A point process on X is an

1M X valued random variable

T1 X y IM X

Its law is m
Realizationofa nonhomogenous pointprocess



Poisson point processes

poisson point process on X with intensity µ is a pointprocess I sit
1 Forany msbl E CX with µ X o

TI E is a Poisson random variable
with mean in E

2 E Er EX pointwise disjoint
then the restrictions I e are

jointly independent v.v

Poissonpointprocess on R
All such processes have the same

law denoted Poism Prob IM X



Poisson suspensions

let α P A X µ be imp The Poisson suspension of α is

the pmp induced action Pois x Pn IM X Pois µ
TI g T x gx x e TI

action Pois x

for ger TIE MIX

thingit



Poisson suspensions of limit amenable imp actions

ITHM
F a limit amenable imp action then Pois 2 is

weakly contained in Bernoulli

Sketch of proof
Show Pois Radon X Prob IM X is weak cont

Show α is regular Pois α iso to a Bernoulli shift

α limit regular Pois a weakly Bernoulli

By Abert Weiss Pois x has max cost



Normalized Cost

MA X µ ess free imp action R the orbit equiv rin

Define the normalized cost to be

n cost T X u costa Rs 1 m s

where S C X is a complete section for R with 0cm 5 ca

NOTE This is well defined Let S So be two complete
sections Then Cost Rs MLS Cost Rs m S2

by a result of Gaborian



DoubleRecurerencel

Given YcX xeX let Ret X x get gxey

Y is recurrent if for a e yeY Ret X y

P A X.me is conservative if YcX msbl Y is recurrent

MACX.nl is doubly recurrent if the diagonal action
Pa X2 m is conservative



IPartialDoubleR ecurrence

PACX.nl is partially doubly recurrent PDR if for a.e

pair x y ex there exists a chain of elements
Xo Xi Xn y such that Xi Xiii lies in an

infinitely recurrent component of Xxx for the

diagonal action PA X m



Cost and Poisson suspensions

let Rp be the equiv rin induced by T R X.nl
RT a by P N IM X Pois ul

THII let talk.nl be an imp action such that

a e ergodic component is infinite ess free non atomic

and PDR Then

costpoisin RT n cost Rp



Proofstretch

WLOG assume the action is ergodic

Show PALX m ergodic ess free PA IM X Poism ess free

Choose a finite measure complete section S CX and a

graphing G C Rpis with Costmis G cost Rp s E

For EX create connected a t equivantiant graphs in
x Ret S x E x t g f x g x E G

idea Representingsubsets 8 set Graphers the set of

Lift to IM x Grapher by letting
V A U v x xeX TILX o É T U E x xeX T1 x o



Proofstretch

Connect with a small Bernoulli edge percolation B CGraph

on P P where for each g net the edge ggh is present
with probability p h Denote the law as up Prob Graph T

Use PDR to show that ÉITI is contained in a single
connected component of É TI UBp w.p 1

Cost of PA IM X Poism is equal to the cost of
A MIX Graph M Poislu Up b c they're weakly equiv

Bound the cost Computations give
Cost Rx neost Rp e mis 1 MLS

let uls 0



Proof of Main theorem

THII If has a limit amenable PDR imp action with

normalized cost p then P has max cost

p.PEcoQc11ssuteegtfic.fgmponent limit amenable PDR

Show limit amenable PDR preservedby direct products w pmp
can assume ess free non atomic bytakingproduct with Bernoulli

THMI Limit amenable Poisson suspension is weakly Bernoulli
THMZCost of Poisson suspension normalized cost

By AbertWeiss max cost p

In particular if p 1 then P has fixed price 1



Application Metric groups

throat
show for a countable group

w wellbehaved metric d

there exists an infinite P inut measure µ on the

space of horofunctions 71 s t PA H m is

limit amenable and doubly recurrent

THII If d a left inut proper approx subadditive and satisfies

the Overlapping neighborhoods property ONP then such
an action exists



Generalized word metrics

IDefI let d be an integer valued quasimetric on a countable

group P We say

d is proper if every ball of finite radius is finite
d is left invariant if d gh gt d h f f g her
d is E approximately sub additive if there an ESO

such that if

Ss Tin E x P d x e n e nte

then n m E

SS T n c SS P m a S P ntm

proper approx sub additive growth rate exists



Overlapping neighborhoods property

T d satisfies the ONP if C 0 sit m O

fig timing x y B n Bir MB x c n Bly n c am

IB n 12

Intuitively if two radius n balls intersect non trivially then
their radius C nbhds are likely to have a large
overlap which grows relative to n



Horofunctions

Define dxly d x y hx dx 1 1 so hxle 0

let Ho nxxePT in Lipolt h P 21 h is 1 Lipschitz o

let 71 Hot 2 Clip T be the space of horofunctions on T

H is locally compact because Lip P is compact

A 71 continuously by g 417 h g x for g xt

let 2H Hi hx xer 21 be the novo boundary



Measures on 71

Define Expand Lip P Lip T by Expand 3 3 1

P equivariant Expand 7

let Mo Epsax Mn Essa n TB t
Then

Mn is equivariant

Mn Hee 11k where He heh h e et

non amenability gives exponential decay
i e Mn Hsm T e

com for some constant C



Spaces of Measures

Let Meas 71 un and Meath its closure in
Radon H under the almost weak topology That is

Vn Was almost weakly un f roof f 71 IR
sit In IN w supp f Hen

Itemmal For every me2Meas H MH 1 Meas H
A H m is limit amenable

To get a PDR action we prove

III There exists a P inut measure µ on H sit

µ Expand M and M Sud u for Prob 2Meas H



Double Recurrence

IIII let d a left inut proper approx subadditive and satisfies

the Overlapping neighborhoods property ONP Let me be
the measure satisfying the conclusion of the

proposition Then Pa H P m is doubly recurrent

Use ONP to show D R on a portion of X

Use Expand map to extend everywhere

Double recurrence Limit amenability bdd cost



Application

III For 5 1,2 let di be a left inut proper integer valued
quasi metric on a countable group Pi and let ESO

Assume each Ti di is E approx Sub additive and

di.dz have roughly comparable growth rates
i e for d x y di x y dz x y the l metric on P 2
the radius n ball B r n B Pi n in T P satisfy

Mco ttffft.tn 0fori 1 2

Then P PxP2 has fixed price 1



SETI amenable by theorem
Show growth rate condition ONP

Need to show cost 1 take finite measure extension

by Cocycle r 1 Lipschitz cocycles txt 2

prove measure on cocyclex 17 which is still

limit amenable

PDR is maintained

Action has cost 1


