Mekvic cvikvin b Fixed pv{uz of  Countabole ﬂmu&OS

dcwﬂ’ with Lwis Bowen

Mcuill Umtvevsi%/o, No vewrber 20265




Main Result

| ThMm) (8, Bowen)

M is an infinfe ountalbole gronp with gn infnite
YWALGsUY € pvzsevvim (iWIP) schovn which s ZJW\H——QWLQVIQQ(Q/
Pavhafu,«?j douu cteuvient and  has nopmalized cost P,
e

has Wlo&x tost af wost p.

= it p=1, Han T has Ffixd price 1.




App lication

Thwl bt 0,0, e finkly quurated gioapy  suh ek e

word pwutvics d,,d, lhawe “wouﬂJM\(a o()w\‘azmlou_ c]mwn\” voles .
Then =T %[, has Fixed price 1

\Covol\av M x [ Was ﬁ\xed \ow‘(ﬂ, 1.




Roma v K

[Thw | (Khezelt, 20725)

Let T 17, loe infinike  countable gvowws.
Tawn =1, hay Fixed price 1

- provew XV\S(’,\’J&V\AQV\HVBJ Uses  Sove  Siwailar idecs

-we wovk b build a byvsadar Franewvor I




Ouv lnspivation

M| Lchzvy/\— Mellic - Wilkews ‘23)

Hmjhev Vo Semisivmple Li¢ amwps ond p{odwd's of
Bndonmorp hisw ﬂvas of tvees bave Fxed prie 1.

|Proot  shetohn
These gronps exbiy & v tain “'oowvxc(awn/(}“ achion [ tovova  acton )

which is avwvdinable Gnd clou'o\(ﬂ ve cuyven 1. Ap)oltg:

THM (F-M-W)
I+ 1 s & unimodulav Lesce gToup with  anavable and
doub\u\ vecurrent covona achov fen 0 las Fixed price 1.




Uenevaelized achons

Tam| (Mellich 23)

SuPPOSQ A‘Ul is awn ammb&/ C[Oéed/ unimpduwlay

NOVILO W1 pact Subqroup such tat 72 G/A (s doubly
reeuwvent. Twn (0 bhas fixed pvie one.

— velies on S\A\o(onup sthrudure, vty  1han
Lic group  strudture

S ecovevs sond, of FMW




How do st vesults cavv\?ayq, 1 owv oww?

ﬂ(VULY&”(g: move onepts hom Lese sl to discrele ase

v dow't use SPCCMCJ‘C/ Lie ﬁroup 14 Sw[oayoup SHructure

'WY&UK Wabi\i% 0 ﬂvvxijr“avw@m%il{w and
double recuyvelnce 4o pavﬁaﬂ double.  vecUyven (L

: pYOCM(,Q, au,h'ovxs SMSMIm% 7% Jﬂw o, loutd- het
ML, product groups



| Cost|

Lt ReXeX e a pmp  countable Bovel ezwm/emca velotion

LQ‘I' (5]?\ be a 3ka]0h}\r\03 %LNV&HM% M &6\/“\/ V‘”' KJ
e nteked compovunts o U at ke opuivalonce
classes of R

T e wsk of @, s

l
Cost ((ﬂﬁ) = 7 Jdbﬂ ul(.’)ﬂ /.A(X)‘



| Cost| (comt.)

T cost o  awm eﬁmvmw elahion R s
ind %COSJCL(Q) (g s = ﬂm‘ohfwj pjtmmﬁwj K%

Twa  cost oF Q countalble cjrouP [0S

nf { Cost (R): R s induwd bv) & pwp fee Bovel acHow of l"}

[ded: cost is o waosurabl aV\u|03V\L bo free vanla



| Cost]
\Examples)

- T wost o Ou/\u(} bk qurunable arouF is 4.
This s due b e l/uwmtivn% Nass .

- Te cost of Fnen hr b b group  on W LT actorS.
Tmis s eﬁwivdun‘ h e vanle of F..



| Cost| (comt.)

Tw wax-cost of a qroup P ois e vl st
awvwv\% ol A5 oux. fFvee,J pwnp LA OVU- |

A qrowp s caick to Vaw fixed yviw it it cost
md ey - LoST ngvee




Wealk contonvent

& PA(X, w), p: MR, V) pwp achions

ldeaw : A 1§ weakly covtaivied iwn B, denoted K=f,
(

i{: the acHon o{’o( ‘ov\ h\/\(k’,\va vvxava ﬂfroup e +3
ond (/'\V\i\&\»a vvwwwd RBovel sers can e approx. \o~j R



Weak contonvient

(X m) F;:Pﬂ(\/)u) pwp  achions

We Smﬂ A 1S weahly contained iw (3/ devoted A=
0 —

it every hvik co\ovivv3 $: X > A Hnk Fel and

>0 l% o co\w'\vws P2y — A su aak

2 22 \ wld e X §la) =a fi(*w}:b})—

v ) weY s Ply=a, LP(M):\OD <q




Weally, Bevwnowlly derions
|

An achow & 0§ ka% Beviowdy W& 14 s vuwl/Jj
Contined in a Rerviowlll  achhow,

M) L Abevt- Weiss | 2013)

I+ « pp  Lxy . free achor i weaklj Bevinoudh i,
e Fs cost s g wax-Cog k.

Slicn

O Al e/sSQV\’\‘W\Uu\/?S fvag P achmg vl/eald/a ot i)
oL Bermowdli swibty

@ Cost is wonckovic umday weall  conkedinivg it (VIQCW[S)



Ikl nweasuve presevyiv ocfion )y
vV

A imp Cinkwile naasune pvwv;'m?) achpn, 13 Awn
0&(/\’\‘0\,, o{* [ oW a St U - Aule iV\'FM”—Q vl
spa (X, ) oy Measialie AUHON | § ng

Ex | L H=[ have mPuitke index %MW P/H w it
Haov  wuoluve, . Than T‘/O/P/H 'S awn i"V‘ya achien .

POV reladionship PATN/H — qu()c\ic, achons
H Finik, index = prp H o inbinll, indix = imp



W e COVl\'d\wW\LV\'\' bor '\w\p INERINAS)

Lot A Bk, Ay = AUIXT wave xe A, Tiew
p: X DAL 8 (u, A)- Kk i ({xeX: f (x) 7 x1) <0

ldeq :
4B A o approx oy R on S “Hinie windows,

Detnl A wmp adkion A s wealkdy Countaind v 3
v bk A m, A)-Ani ssnabe A ¢ X=2A*
bk Fefl, andl €5, T a (v, A)-fink wwsimbe
V\/\ll\ﬁ LPY% Ax ..

g Z; ?—F \ mld xe X - dix) =a QSCqﬁw):lo})-
v({")ey : Yy =0, L\)(J%kﬁ):lofg)) ¢



Avunalsle achowns

i@i( An '\W\P achonn | GLX) /\,L\ 'S (Zimwy)-—a\/\wma]oht
Rf’ s \m”){\/ﬁvﬁR, mod w AND
Stabop (X)) =] qe T %fxﬂ('( s awenable for ae. X

Ls S’rvovw\cr stalovunt  fain aVV\vawo{m«j for aymN. vl 0\ §

]Exa S |

- AWl achowns ot  anaabl 0\(0/\\08 A, QVWULab\s
PRl /A is anenedle

it A4 v ananable. TTwen

T owndany ackion SLLL,2) A ORTEST s anwalele



\Liw(+ - ayunabi i @

An imp ochonn & Aimib-anmunable & iy s N vaqwL
Dok of mp foadhors of amnible ation § |
e 3 (M,\Yf_" wi n M, — M voqubl] Wi re PQU(//AM)

1S @& W\P fram« of o gvvuvable alhow .

[ THM)

Limait - avanoble iwmp athiony  ave I/uw\L\ué WA Ined 1w
e dass of awmamalbb\e  fmp Gk ewnsS .




Limit - reajuulwihjg

An imp adion s f@j\daf IR Wtuwwabha covt jugake
b o At atHow ["/l(\") N tgav ) -

I+ 75 UM%-V&%MV FoF s Vo g Lin & of
wp  fackors ot Jﬁjml/ acdions .

I:r_@ An iVV\P akion s Lmib —ganunable e= s UV\AH-—WW\“-

RMKs
O 14 PKL(X,/) is  Uvait-anunabl amd/M()()dao = M is anunalle.

O 11 is ek Pk Lwik-anunally D avinab



Point Processes

A point viasuve ow lese Spae X is @ bmﬂbg—f/iv\ik Sunn
of Divat waasuwes P elx) 3, wih. ) €L, .

Devole \oa/) MUX) e seb of all point namgures on X .

A PoinJr pvorss o X s an

M(X) -valwd vandomn vaviable

T["(X,,/L)_"HV\(X).

Its law s _l—l (/VL)

X

Realization o a mn—hnww(]mws poivit  process.



Poisson point DroLesses

A poisson point process ow X with fm#ev\su'#j pois s point prowss T1 st

1. Fov avw(\ msbl Ee X wihw MLX)&OO)
TLE) is a Pisson vandom vaviable
Wit vwuan [VLLE)

2. Eo)E1]._, < X Foim’rw{se AiSOOV\‘l‘)
lun e veskhichons —’T'E- avL
')oMHvA ivxdz\mmoumi— AR

Feisson point prodss own R*.

Al such proussey  have e Same
law, dewnokd PO\'S(/«U e Pra(IM (X))



Poisson SMSPLV\SiDVtS

W d: I A lX /.A.) be ivp. Tl Poissen susyptinsion of o s
. pwp  indueed achion Poisle): T (IMUX)  Poisl )
il —q- T x—>qx ¥ xe Tl

ach o Pols (<)

) K for gel, T e Mix)

T\F.”ﬂ_\JT\ :



Foisson suspensions  of Limit-anuvable  iwmp achons

ThM]

1+ % o Lmit-amunable imp adtion fun Pois (&) iy
wwV\lvh cotaied i Berinowll

3l‘\H’Uﬂ 01t ]OVOO{'.
O Show Pois: Radon (X) = Prob(M (X)) is weal®-cont
@ Swow & S vejcdmv > Pois(a) jso. b 4 Beviodli Wil +

= A Mm|+—rejm/(mv =  Pois () W@al{hj Bevnowlli. U

= Bu; Abevt- Weiss, Pois(«) lhas wmax Cost.



Novwmalized Cost

W@(X,/A} ess. freg ivp athon K wb%—abmiv viv .
Defie e wovnalized cost to loe
neost (M, X, w) = QOS%M(\ZS\ e L- w(S)

whet S X is o complel sechin fy R witw DepalS) ceo.

Note: Twis is will debed. o+ Sy, S2 be fwo Gmpuke
SeChows:  Thgn cos+(r<s) -m(S ) = Cost LKSQ‘ w(S,)
\ou\ a veswlt oF  (qassriau.



[Douwle Recurvewnce |

Given YeX, xeX, Lk 1&+K\/,ﬂ=iqel"-‘ﬂx@yq".
Y s veawent i for ot (,l&\/) R ot (\[}chao

E fl()(,/uﬂ is tonserative F ¥ YeX msol, Y (s veuent

‘ r’fl()(,/m) N C\OUUQ(\a rewsreat diaﬂ/ovmbe acH o
P/L(X’“,/A‘) (S O rervative



[ Pavhiol Douow Recuvven e

L ()(//m) IS PaVﬁ(LUxﬁ OIOM‘OLJ reLurvery- UDDK) it Jov a2
paiv X,y eX hat  exists o chain of ks
/X:’Xo;x\,--w’xv‘:"} Such hak (X X)) Lies n aw
nfnikly  vewrvent  Gwnponent of  XrX I (N
diaﬂomo& ackion 1A (X /f) :



Cost and Poissown 3USP NSNS

Let an bt e ubw\) vl induw d \Os1 M (X, /w\l
Rt i o K A (MWX), (PO\S(/U)

Taml e PAlXr) be an imp ackion such flat
B e,vvoA(c, Cmporunt is nfinite | ess. Free, von-atowic,
ong PDR. Twn

(KT\ < neosk (R p\.

U) Po\sL/J»)




|Proot  Shetch |

@WLOUI, wSSum W achewn s evodoci(c.

O Snow NALX, u) Q\raxuéi(, o ess. Pree = TAMOO, Pors () ess. Free
@ (woost o Hwle waasure omplde § ek ow ScX, oand &
ckm\owwj SN KT‘\S wihn C,os\—MSU:ﬂ = Co%&-(&vlﬂ v £

® For xeX, ol comnecks o r»@ﬂbmi\lr»Vh'aV\{— C]va\o\ms in Tell

VL’XB’-\Z&\'LS})()\ E(tx\:{({.)o)) - (H ,,)-(K\e Lﬂ}

(dea s Represent  (a by subset (A Deph (P): e sef ofF
SYwaudne sub’serds o pop

O Ll » M) e Lapr) by Wi
VIT)= Udviad: xeX | T 7o £ ()= ﬂE(x\; XX T\M»%



|Proot  Shetch |

© Conner win o Sl Beveowlli edge percolaiing 35 c (qraphlr
on P40, wee Ko dich gs,h el N C(ﬂﬂr iq/gh% IS present
wif probdeibby  plh). Duncle e fw as Ppe P arapn (T),

© Use PDR f  shww Mok é:\ﬂ) iIs owlired I @ Sirq\
Concid  omponent of  ELTVB, wop. 1,

@ st of  ALMKX) Potslu) s &‘b/mak o L cost of
T (M) Kl:)vaiah (") , ‘\’m’&(/h) X VP> bl ”“0\“ vu(alu\,h eg,tm_

Bownd WL st . Cowmpubthions gL
losk (R ) « sk (Rp) + @MW) —1 4 ul8).
Lt al8) VO



Proot of Main feovewn

[ml It 7 vl a Limik-aywgniabl. , PDR limp ko wiba
vw\/wwk\'\’?;e,é Lot} P, tagn T s max tost < p.

[Proofl O Show @t evgedic componeat Livik avtnable ¢ PDR
— WL wan asSsuw CV%QOQQCQ—H&.

O Show  Livk -pammalde, POR. preserved \O«L\ divect produdd w/ prp
—> (o RAWNL  08S. e 4 non-atoma b~\ wvos ‘ovo&md‘ wi. Revvouldi

B) M1 Limvk-amnaloe 3 Poisson SuSpenSion s vueml(lj Rernoull]
THML Cost of Poistna Smﬁwnsicva e wnovnirll zed cott.

< By Apet-Weiss, vaax oSt = P

ln  pahcday, i+ p= T un M vas fFixed pvice T



Appli cahion Mekric qronyp S

Woal:

Show fo6 a countable 3voup M wl welbehived wahvic 9,
Meve exiskk an mbnde M-iwd Weaome Mmoo e
Spaw of lweotunchons ’H 5.t. P¢(H,}ﬂ 1S
Dimit- anmdaable g &owo\ua veLnivent

Taml 1# 4 « Lk | ovopely approx. sub-odditive, and  Sokishies
e Ovcr\mmim% V\eij\nbc« hood.s PYOa@cv{—v) (ONP), hen  Sueh
an  alhow exists.




laonralized wovd  wakyicy

KDEV\K let 4 be an MRT(V—VWJ Wf(/vmb o o Countuble
group 7. e S‘auzéi

4 is prope! it wery ol of FAvie vadiwy s vk
v d s W -imvaviant b dL"j\'\ﬂ]H=dL"\/ P) ¥ 4 q,unel
Cd s i'a\oprox'nvmalw% sub- addibive, it e em €30
suie  fat
5(Mn, ¢)= Jxel:dlxe) e ln-e jnre
pn ¥ w20
SSLM n, ) SSUM, m, o) 2 S, "”“’"‘) .

PVOPLV + a\oPr‘o)( Smb—add{HVQ =) %\mwhﬁ vl e.x\skS



Overlappivg  vtighbosr hoods  properhy,

(P,cﬂ satiskies e ONP i 3 (>0 s.t. ¥ m>0

bim Liwniot #100,4) € BID: [BUANB L%, 040 N By mrOem]

0 -0
| R (W) 1*

\nmh‘ve\a‘. i+ o vading W balls inlevsed mm-mmuu& N

freir vadins- G nbhds  ae Likeky do have Lavo
ovev\ayp whiph I ows vtldhve o n .




Hovofunthowns

Debine Axb\) = 4l ), xs dx = I1x\ 0 Wyle) =0.

bk M, =y fxeP} i LipgM) = h M= hois L-lipsanite
*Niey=07%.

Wt H=H+% CL]\o(T') be Mg Sypaw of lhovelunching 0w I
H s lomuvb LovmpAck  loecause Lip, L) s LowPacJ—.

Na H ontimaly by g b1 = W% ke g xel

Lt ;)H='H°\{\A,y;ye (‘7& YU b \/on\oo\maurg.



MULSWCS O\ H

Debive E)(Pavx& ; L'\\O (P)‘; L&\o(ﬂ \Ou) F)ﬁaan&(xy‘“i = |
— P'&F/{NO\\/WV\*, "Ex\mmﬁ (M) =H.

Wk, = z $, | S _ Expandx M,

p—

xep °% }An:lBLV\)\\/X&T" dp - 1B () |

T
VIR M- eﬁmi\mv‘lawl’
o M) = 1Bnrd] e Hep=heH: hie) e k]
Y
'nov\«amvwbil)%?] g)'ves QXWOV\@VVH(AL d_uaﬁ/
e M"(in-v»s (f‘\)ﬁ o Tl e Soe  constang €



Spaces of Musuves

00

Lt Muns (H)= F i} 5 and Maag M) il closwe i
TzadomU/\) wndy 4’\/:( dnost weale H’FO[OCH- That is;

Vo=V WLwost wca\u\g S vt —vx t ¥+ H—IK
skt F v €IN wf supp (H)=H, .

lemma| For wery }LeéV\mﬂ”\/\\= Meas (H) \ Meag (W),
> (”\/\,fﬂ is Ui -gnumable .
To et o PDR o, we prove:

@ Tl exisks a M -inet W\@MMV‘L/A o H st
po= Expundy po wnd k= Jud§(v) bor Y e Prob(dMens(H))




Doub\e  Rocnrenee

@ Wt 4 « U(/\'"\V\\i\’,‘ow\a@() K {OPYOX. sub-oddikive, and  Soishes
v Overlappivg Weigubgrhoods propechy (ONP). Lot s be
ML et sakisbying e tontlusion o e
ony)c)&\hom. Twn M VH(P),/A) (S O(AML[j ve tuvvein -

M VUse ONP h  sShow DR on =« eav Hon ot X

@ Use E xpaind: a1 escle ije,ijlre.l&.,

Doub\.ov veLuwvvenee T Linat ammab{l.'\—j = bdd cost




pp lication

[ Thn| Fov (=4,2 Lt 4y bt oa Ut vt ovepe JVUI-—LOYU/ wilugl
%’\"-‘”‘i"/"il’v{o oL & comhtalb\L Q]*WP T'c/ ok Ler €50,
Assune eacs (M Q) is g -appox gub asd e ond

d.,d, |luwwe wouﬁh\‘a aommmlou. ﬂrowﬂ« vodes

. hr dlx,y) = 4 1%y)r 87 L y) e LF vnddvic o0 I <0,
e vading n vl B(F,n) ) B(PL,V\) N r'/ P; Skhsp‘g
Liwn #B(pi'/n) 0 FB‘( S S N

-

> 0o =

FBLM, n)

Tagn P=Nixy haa fixed priw 1.




|Stherod

—_—

@ L’wmijr/avmmalou, \ogﬂ et vewnn

@ Snow ﬂfou)’hn ok, contdifion = ONP

© Need fo  show  Cost 1 Aahe Pk neowure  @xkinsion
bdj CG(’"\\(’&(r‘)aﬁl’Llde/\'l)rl COC\ddﬂS f“xr’—%'?lz%

- pravg J vcawe  owv cou&oux 7 owiua 8 skl
Lt ~Ounntin e\

— PDR iy weantaid

= ACHiW e cos¥ A



